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1
SYSTEMS AND METHODS FOR
ESTIMATING THE STRUCTURE AND
MOTION OF AN OBJECT

CROSS-REFERENCE TO RELATED
APPLICATIONS

This application is a national stage application under 35
U.S.C. §371 of International Application No. PCT/US2012/
042220, which was filed Jun. 13, 2012 (“the 220 applica-
tion”). The *220 application claims priority under 35 U.S.C.
§119(e) to U.S. Provisional Application Ser. No. 61/496,191,
filed Jun. 13,2011, which is hereby incorporated by reference
herein in its entirety.

NOTICE OF FEDERAL SPONSORSHIP

This invention was made with government support under
the National Science Foundation (NSF) Career Award Num-
ber 0547448, NSF Award Number 0901491, and the Depart-
ment of Energy Grant Number DE-FG04-86NE37967. The
government has certain rights in the invention.

BACKGROUND

In certain situations, it is useful to be able to estimate the
structure and motion of an object. For example, it is desirable
to estimate the structure and relative motion of stationary or
moving objects that an unmanned aerial vehicle (UAV) must
avoid. In prior solutions to this problem, knowledge of the
Euclidean geometry of the objects or full knowledge of the
camera motion of the UAV is required. It would be desirable
to have a system and method that do not require that knowl-
edge.

BRIEF DESCRIPTION OF THE DRAWINGS

The disclosed systems and methods can be better under-
stood with reference to the following drawings. The compo-
nents in the drawings are not necessarily drawn to scale.

FIGS. 1A-1C comprise a flow diagram of a first embodi-
ment of a method for estimating the structure and motion of a
stationary object.

FIG. 2 is a schematic drawing of a moving camera directed
toward an object in a scene.

FIG. 3 are graphs that compare the actual and estimated X,
Y, and Z positions of a moving object with respect to a moving
camera expressed in the camera frame for a first simulation
case.

FIG. 4 is a graph that illustrates a camera trajectory, object
trajectory, and comparison of the object trajectory with the
estimated X, Y, and Z positions of a moving object in the
inertial frame for a second simulation case.

FIG. 5 is a graph of the error in the relative range estimation
of the moving object in the camera reference frame for the
second simulation case.

FIG. 6 is a graph of a set of camera angular velocities.

FIG. 7 is a graph of a set of camera linear velocities.

FIG. 8 is a graph that compares the estimated and ground
truth 3D position of the moving object measured in the mov-
ing camera frame.

FIGS. 9A and 9B comprise a flow diagram of a second
embodiment of a method for estimating the structure and
motion of a stationary or moving object.

FIG. 10 is a block diagram of an embodiment of a comput-
ing device that can be used to estimate the structure and
motion of an object.
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2
DETAILED DESCRIPTION

As described above, it would be desirable to be able to
estimate the structure and motion of objects without knowl-
edge of the Euclidean geometry of the objects or full knowl-
edge of the camera motion. Disclosed herein are systems and
methods in which such structure and motion can be estimated.
In some embodiments, the systems and methods can be used
to determine the structure and motion of stationary objects. In
other embodiments, the systems and methods can be used to
determine the structure and motion of stationary and/or mov-
ing objects.

In a first embodiment, a reduced order nonlinear observer
is proposed for the problem of structure and motion (SaM)
estimation of a stationary object observed by a moving cali-
brated camera. In comparison to existing work which requires
some knowledge of the Euclidean geometry of an observed
object or full knowledge of the camera motion, the developed
reduced order observer only requires one camera linear veloc-
ity and corresponding acceleration to asymptotically identify
the Euclidean coordinates of the feature points attached to an
object (with proper scale reconstruction) and the remaining
camera velocities. The unknown linear velocities are assumed
to be generated using a model with unknown parameters. The
unknown angular velocities are determined from a robust
estimator which uses a standard homography decomposition
algorithm applied to tracked feature points. A Lyapunov
analysis is provided to prove the observer asymptotically
estimates the unknown states under a persistency of excita-
tion (PE) condition.

An objective of the classic “structure from motion (SfM)”
problem is to estimate the Fuclidean coordinates of tracked
feature points attached to an object (i.e., three-dimensional
(3D) structure) provided the relative motion between the
camera and the object is known. The converse of the StM
problem is the “motion from structure (M1S)” problem where
the relative motion between the camera and the object is
estimated based on known geometry of the tracked feature
points attached to an object. An extended problem disclosed
herein is a “structure and motion (SaM)” problem where the
objective is to estimate the Fuclidean geometry of the tracked
feature points as well as the relative motion between the
camera and tracked feature points. The SaM problem is a
fundamental problem and some examples indicate that SaM
estimation is only possible up to a scale when a pinhole
camera model is used. To recover the scale information, either
the linear camera velocities or partial information about the
structure of the object, e.g. a known length between two
feature points in a scene, is required. In this disclosure, a
partial solution to the SaM problem is presented, where the
objective is to asymptotically identify the Euclidean 3D coor-
dinates of tracked feature points and the camera motion,
provided at least one linear velocity of the camera is known.
The angular velocity is estimated using a filter. The estimated
angular velocity and a measured linear velocity are combined
to estimate the scaled 3D coordinates of the feature points.

Solutions to the SfM, M1S, and the SaM problems can be
broadly classified as offline methods (batch methods) and
online methods (iterative methods). Batch methods extract an
image data set from a given image sequence and then the 3D
structure is reconstructed from the data set. These methods
are usually based on nonlinear optimization, projective meth-
ods, or invariant-based methods. Often, batch methods lack
an analytical analysis of convergence. The main drawback of
batch methods is that they cannot be used to execute online/
real-time tasks. Thus, the need arises for iterative or online
methods with analytical guarantees of convergence.
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Online methods typically formulate the SfM and M{S
problems as a continuous differential equation, where the
image dynamics are derived from a continuous image
sequence. Online methods often rely on the use of an
Extended Kalman filter (EKF). Kalman filter based
approaches also lack a convergence guarantee and can con-
verge to wrong solutions in practical scenarios. Also, a priori
knowledge about the noise is required for such solutions. In
comparison to Kalman filter-based approaches, some
researchers have developed nonlinear observers for SfM with
analytical proofs of stability. For example, a discontinuous
high-gain observer called identifier-based observer (IBO) has
been evaluated under the assumption of known camera
motion. In one solution, a discontinuous sliding-mode
observer is developed which guarantees exponential conver-
gence of the states to an arbitrarily small neighborhood, i.e.,
uniformly ultimately bounded (UUB) result. A continuous
observer which guarantees asymptotic structure estimation
has been evaluated under the assumption of known camera
motion. An asymptotically stable reduced-order observer has
also been evaluated to estimate the structure given known
camera motion. Under the assumption that a known Euclid-
ean distance between two feature points is known, a nonlinear
observer can be used to asymptotically identify the camera
motion. In contrast to these approaches, the methods
described in this disclosure do not assume any model knowl-
edge of the structure and only require one linear velocity and
the corresponding acceleration.

Various batch and iterative methods have been developed
to solve the SaM problem up to a scale. However, in compari-
son to StM and MIS results, sparse literature is available
where the SaM problem is formulated in terms of continuous
image dynamics with associated analytical stability analysis.
In one study, an algorithm was presented to estimate the
structure and motion parameters up to a scaling factor. In
another study, a perspective realization theory for the estima-
tion of the shape and motion of a moving planar object
observed using a static camera up to a scale was evaluated.
Recently, a nonlinear observer was developed to asymptoti-
cally identify the structure given the camera motion (i.e., the
SfM problem) or to asymptotically identify the structure and
the unknown time-varying angular velocities given all three
linear velocities. In a further study structure and linear veloci-
ties were estimated given partial structure information such as
length between two points on an object, which may be diffi-
cult in practice for random objects. In another recent study,
the IBO or IBO approach was used to estimate the structure
and the constant angular velocity of the camera given all three
linear velocities, which not be possible in practical scenarios
such as a camera attached to a unmanned vehicle where
sideslip velocities may not be available. The problem of esti-
mating structure, time varying angular velocities, and time
varying linear velocities of the camera without knowledge of
partial structure information remains an unsolved problem.

The technical challenge presented by the SaM problem is
that the image dynamics are scaled by an unknown factor, and
the unknown structure is multiplied by unknown motion
parameters. As described in the following discussions, a chal-
lenge is to estimate a state in the open loop dynamics that
appears nonlinearly inside a matrix that is multiplied by a
vector of unknown linear and angular velocity terms. By
assuming that the velocities are known, or some model
knowledge exists, previous online efforts have been able to
avoid the problem of separately estimating multiplicative
uncertainties. One contribution of this disclosure is a strategy
to segregate the multiplicative uncertainties, and then to
develop a reduced order nonlinear observer to address the
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SaM problem where the structure (i.e., the properly scaled
relative Euclidean coordinates of tracked feature points), the
time-varying angular velocities, and two unknown time-vary-
ing linear velocities are estimated (i.e., one relative linear
velocity is assumed to be known along with a corresponding
acceleration). The result exploits an uncertain locally Lips-
chitz model of the unknown linear velocities of the camera.
The strategic use of a standard homography decomposition is
used to estimate the angular velocities, provided the intrinsic
camera calibration parameters are known and feature points
can be tracked between images. A persistency of excitation
(PE) condition is formulated, which provides an observability
condition that can be physically interpreted as the known
camera linear velocity should not be zero over any small
interval of time, and the camera should not be moving along
the projected ray of a point being tracked. A Lyapunov-based
analysis is provided that indicates the SaM observer errors are
globally asymptotically regulated provided the PE condition
is satisfied. By developing a reduced order observer to segre-
gate and estimate the multiplicative uncertainties, new appli-
cations can be addressed including: range and velocity esti-
mation using a camera fixed to a moving vehicle where only
the forward velocity/acceleration of the vehicle is known,
range and velocity estimation using an unmanned air vehicle
(UAV) using only a forward velocity/acceleration sensors,
etc.

Consider a moving camera that views four or more planar
and non-collinear feature points (denoted by j={1,2, ... ,n}
Vn=4) lying fixed in a visible plane m,, attached to an object
in front of the camera. Let F, be a static coordinate frame
attached to the object. A static reference orthogonal coordi-
nate frame F_* is attached to the camera at the location cor-
responding to an initial point in time t, where the object is in
the camera field of view (FOV). After the initial time, an
orthogonal coordinate frame F _ attached to the camera under-
goes some rotation R(t)eSO(3) and translation X ()eR>
away from FF_*.

The Euclidean coordinates m,(t)e R 3 of the feature points
expressed in the current camera frame F_ and the respective
normalized Euclidean coordinates m (t)e R 3 are defined as

®

(1) = [x1 () %2, 235001,
T
[

The constant Euclidean coordinates and the normalized coor-
dinates of the feature points expressed in the camera frame
F_*aredenotedbym *e R 3 and m*eR 3 respectively and are
given by Equation (1) superscripted by a “*’. Consider a

closed and bounded set y = R *. Auxiliary state vectors y*=
T,

[y.,* ¥, ¥5, 1 ey and y (0=Ty, (1), y2,(1), y3,] €y are con-
structed from Equation (1) as

x1(2) x2(1)
x3;(0) x3,;(1)

m;() =[

@

*
Xaj 1

n
X3j

«
<o ML
YiT | &,

3j

X1j X2j 1
yi=|— —
X3j X3j

The corresponding feature points m;* and m,(t) viewed by the
camera from two different locations (and two different
instances in time) are related by a depth ratio
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and a homography matrix H(t)e R *** as

my=0Hm*. 3)
The homography matrix can be decomposed to obtain a rota-
tion and scaled translation of the camera between two views.
The decomposition of the homography leads to two solutions,
one of which is physically relevant. Using projective geom-
etry, the normalized Euclidean coordinates m * and m,(t) can
be related to the pixel coordinates in the image space as

*
where p(t)=[u;, v,, 117 is a vector of the image-space feature
point coordinates u(t), v(t)eR defined on the closed and
bounded set] = R 3, and Ae R **? is a constant, known, invert-
ible intrinsic camera calibration matrix. Since A is known,
Equation (4) can be used to recover m,(t), which can be used
to partially reconstruct the state y(t).

Assumption 1:

The relative Euclidean distance x, (t) between the camera
and the feature points observed on the target is upper and
lower bounded by some known positive constants (i.e., the
object remains within some finite distance away from the
camera).

Remark 1:

The definition in Equation (2) along with Assumption 1 can
be used to conclude that y; (t) remains in a set €2 defined as
Q={y,ly;=y,=<y,} where y,, y;eR denote known positive
bounding constants. Likewise, since the image coordinates
are constrained (i.e., the target remains in the camera field of
view) the relationships in Equations (1), (2), and (4) along
with the fact that A is invertible can be used to conclude that
y.zly (Olzy,, y=ly, (Dlzy, where ¥, ¥,, ¥,, v,€R denote
known positive bounding constants. Furthermore, the veloc-
ity parameters of the camera are bounded by constants.

At some spatiotemporal instant, the camera views a point q
on the object. The point q can be expressed in the coordinate
system F_as

py=AmypF=dm*

M=x+R¥ .,

®)
where x,,, is a vector from the origin of the static coordinate
system F,, attached to the object at the point q. By differen-

tiating Equation (5), the relative motion of q can be expressed
as

m=[w] m+b

where m(t) is defined in Equation (1), [w],, €R 5, ; denotes a
skew symmetric matrix formed from the angular velocity
vector of the camera w(t)~[w,, ®,, w;]° eWw,” €W, and
b(t)=[b,, b,, b;]“€eB denotes the linear velocity of the camera.
The sets W and B are closed and bounded sets such that W <

R *and B © R *. Using Equations (2) and (5), the dynamics of
the partially measurable state y(t) can be expressed as

] [y 0 =yys —yy 14y -» ©
Ba|=10 ¥ —yays —(L+3¥3) w2 n [w}
s 00 W 23 -yiys 0

where y, (1) and y,(t) can be measured through the transfor-
mation in Equation (4).
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6

An estimator can be designed for the perspective dynamic
system in Equation (6), where the angular velocity is consid-
ered unknown and only one of the linear velocities (i.e., by)
and respective acceleration (i.e., b,) is available. Moreover,
an uncertain dynamic model of the linear velocity b(t) is
assumed to be available as

b(1=q(b,1)b, ¥i={1,2} o

where q(b,,t)eR is a known locally Lipschitz function of
unknown states. To facilitate the design and analysis of the
subsequent observer, a new state

ud) € U cR? 2 [uy(0) = ysbr, r (@) = ys0a),

is defined where U is a closed and bounded set. After utilizing
Equations (6) and (7), the dynamics for u,(t), u,(t) can be
expressed as

®)

From Equations (6) and (8) the dynamics of the known states
v, (1), y,(t) and the unknown state 0(t)=[y, u, u,]” are

8=y 3battH(y 201~y 02)uurkq(by)u;, Vi={1,2}.

: (©)]
b1 [—ylbs 1 0} s —y1y201 + (L+ yDwr — yows
= u |+
J2l Loyabs 0 11 —(L+ Y3)wy + y1 Y27 + Y13
~ w
JOb3) H(yw)
and
s ¥3b3 + (w1 — y1@2)ys (10)
| =1 yabsuy + (yawy — yiwp)uy +g(byuy |-
i y3bsin + (yaw) = y1wp)up + q(by)uz

8(0,w,y1,y2,b3)

Since y,(t) and y,(t) are measurable, from Equations (1) and
(4) the Euclidean structure m(t) can be estimated once the
state y,(t) is determined. Since the dynamics of the outputs
y,(1), ¥, (t) are affine in the unknown state 6(t), a reduced
order observer can be developed based on this relationship for
the unknown state 6(t). The subsequent development is based
on the strategy of constructing the estimates

W2 i ) eRE

To quantify the SaM estimation objective, an estimation error
B(t)=[6, 6, 651" R ? is defined as

AL ys =9, w1 =iy wp— ] (1

Assumption 2:

The function q(b,, t) Vi={1,2} is locally Lipschitz where
q(by)-q(b, )=, (b,=b,) and q(b,)-q(b;)=A,(b,=b,) where A,
and A, are Lipschitz constants.

Remark 2:

The linear velocity model in Equation (7) is restricted to
motions that are satisfied by Assumption 2; yet, various
classes of trajectories satisfy this assumption (e.g., straight
line trajectories, circles, some periodic trajectories, etc.).
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Assumption 3:

The function J(y,, y,, b;) defined in Equation (9) satisfies
the persistency of excitation condition, i.e., 3y, 8>0://*°1(y,
(0, Y20y, (D), by(t)dT=yIV=0.

Remark 3:

Assumption 3 is violated if 3t, 13t>t,, b, (1)=0 or y,(t)=c,,
y,(t)=c,. That is, Assumption 3 is valid unless there exists a
time t; such that for all t>t, the camera translates along the
projected ray of an observed feature point.

Assumption 4:

The linear camera velocities b(t) are upper and lower
bounded by constants.

Remark 4:

The following bounds can be developed using Assumption
1, Remark 1 and the definitions of u, (t) and u, (t)

U iU SU g Ui =UIS U 3y e

Step I:

Angular Velocity Estimation Solutions are known that can
be used to determine the relative angular velocity between the
camera and a target. To quantify the rotation mismatch
between F_* and F , a rotation error vector e (t)e R is defined
by the angle-axis representation as

Cw & U, (D0, (D) 12

where u,,(t)eR * represents a unit rotation axis, and 0,,(t)e
R denotes the rotation angle about u, (t) that is assumed to be
confined to region —n<0,,(t)<z. The angle 6,,(t) and axis u,,(t)
can be computed using the rotation matrix R(t) obtained by
decomposing the homography matrix H(t) given by the rela-
tion in Equation (3). Taking time derivative of Equation (12)
yields

60=Lp0 (13)
where L (t)eR*** denotes an invertible Jacobian matrix. A
robust integral of the sign of the error (RISE)-based observer
&,,(DeR? is generated as

84~ (K ot 3,3) 80 (O 1, (K H353) 8TV

v=p,sgn(é,,) (14

where K, p,,.€ R *** positive constant diagonal gain matrices,
and &, (t)e R > quantifies the observer error as

. A 5
8,1 =e, —28,.
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A Lyapunov-based stability analysis proves
& (D=, (1)—0 as 1—c (15)
and that all closed-loop signals are bounded. Based on Equa-
tions (13) and (15), the angular velocity can be determined as

(16)

O(E)—L, ' (Pas 1o

An angular velocity estimation error

o) e R £ [@,(), &2(0), D3]

is defined as w,(H)=w, (-w,(t), Vi={1, 2, 3}. The angular
velocity estimator given by Equation (14) is asymptotically
stable; thus, the angular velocity estimation error [o(t)|[—0 as
t—00,

Step 1I:

Structure Estimation: A reduced order observer for 0(t) is
designed as

=b3(y] +33) an
2
Y1

Y2

=
w
w

|
S I

= W

)
)

where the state vector [y, 1, U,]7 is updated using the follow-
ing update law

Vs 3363 + (9281 — y182)5; (18)
= | §3b3in + (261 — y102)0y + q(biy | -

i $3bstin + (a1 — y102)in + q(b2)in

g(Biny1.y2:b3)

d
w

—y1y2in + (L+ D)2 — yalios

rJT[_y1b3 1 0}
-y2b3 01

—(L+ Y3 + y1yalon + y1do3
$(y.@)

= W
)

b3y} +3)
2
0

0

InEquation (18),TeR ¥, (l)l.(t) are given by Equation (16), and
J(y,b;) is defined in Equation (9). Differentiating Equation
(11) and using Equations (9), (10), (17) and (18) yields the
following closed-loop observer error dynamics

I (3 + 9300381 + (2001 — y1w2)B1 + (y2001 — y1@2)95

B, | = | ¥30382 + b3it By + (aloy — y162)8y + (201 — y1@2)ity + q(b)By + Ay (by — by )ity |+

b3 3538 + baingy + (yaloy — y1@2)8; + (261 — y1@2)iiz + q(b2)83 + A(b2 — by )ity

93
FJT[—y1b3 1 0} )
—yaby 0 1

—y1y2i1 + (L + yDiy — y2lis

} [}"1}
N —(L+ YD)y + y1y20 + y1 o3 B2
2
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Using the output dynamics from Equation (9), the error
dynamics can be rewritten as

10

A%
—+ —( rJ7J0 +

o N Vi, 8=
8=2(0,01,2,53)-g(0,0,y1,32,b3)-TJ S0+ (y,®)).
Using Assumption 2, the following relationship can be devel- 5
oped —((/\)0) + 53 ( FJT‘l‘(y o) + oz(yl Vo, 9, w))
2009132 b3)-gO0y,y,b5)-AB+a(y1y2.00) (19)
where
(y3 + 33)b3 + (y2001 — y102) 0 0 @)
. i . o M
bady + — y3bs +q(b1) + (y2lor — y1@n) + —— 0
A = ¥3¥s ¥3
A A2 i
by + 2142 0 y3bs +q(b2) + (32001 — y182) + 2
3)3
such that sup ||A(t)|<p, and 5o Using the bounds in Equation (24) the following inequality is

(3201 = y1@2)33 2D
o(y1. 2.8, @) = | (3261 - y1@2)iy |-

(y2&1 = y102)ip

Using Equation (19) the error dynamics can be written as

9=AD-TJZB-TJ W (3, 0)+a(y),y,0). (22)

The results from the angular velocity estimator in Section
IV-Al prove that w,, w,, w;—0 therefore, Equation (21) can
be used to conclude that W(¢)—0 and a(*)—0 as t—c0.

Theorem 1:

If Assumptions 1-4 are satisfied, the reduced order
observer in Equations (17) and (18) asymptotically estimates
0(t) in the sense that |[B(t)||—=0 as t—c.

Proof:

The stability of the error system in Equation (22) can be
proved using a converse Lyapunov theorem. Consider the
nominal system

9=f(0)=-I/%/8. 23)
The error system in Equation (23) is globally exponentially
stable if Assumption 3 is satisfied. Hence, 0(t) satisfies the
inequality [[0(D)]l<[6(t)ller, e —al-0) where o, o,eR*, and
., is directly proportional to I" and 1nverse1y proportlonal to
d. Consider a set D={B(t)e R *|||f(t)||<0}. Using a converse
Lyapunov theorem there exists a function V:[0,00)xD—
R that satisfies

c1||9(t)||2 V@ ) =< c2||9(t)||2, (24)

av

av . .
T ﬁ(—rﬂw) = —as|fpo)||",

av -
[ ]= e
a6

for some positive constants ¢,, ¢,, ¢, ¢,. Using V(t, 6) as a
Lyapunov function candidate for the perturbed system in
Equation (22), the derivative of V (t,0) along the trajectories of
Equation (22) is given by
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V(1.8)s-(c5-cap)BIF+ed]B] 25)

where p is an upper bound on (20) and d()— Il il g
(y,w)||+||(x(y1,y2,6u))|| where d(t)—0 as t—00. The estimates of
¢, and c, are given by

8o =

Cc3 =

2ay
(a2 = L)

_(epmibi20) ]

Cq =

where LeR™ is an upper bound on the norm of Jacobian
matrix

af®
86’

where £(6) is defined in Equation (23). Since a, is directly
proportional to the gain I, the inequality

_tepbin(2a])

1 210 [1

el [
G T @D g

can be achieved by choosing the gain I' sufficiently large.
Using Equations (24) and (25), the following bound is
obtained

26)

Bl = |2 &3 e s + S [
c1 2cy 0

where a constant convergence rate >0 can be increased by
increasing c5. From Equation (26), B()|leL..., thus 6,(t), 6,
(), 85(DeL... Since 8,(t), 0, (1), 05(t)eL.., and the fact that
6 1(D), 8,5(1), B5(1)el.,, can be used to conclude that 1), 0,(1),

0;(t)eL.,.. Using the result from Section IV-A1 that [lo(0)||—0
as t—o0, the functions |[F(y,m)||, |y, ¥4,0, w)||[—=0 as t—co.
Hence, d(t)—0 as t—00 and d(t)eL.L,. Since d(t)—0 as t—o0
and d(t)eL.L,,, by the Lebesgue dominated convergence theo-
rem



US 9,179,047 B2

11

i
limy fe’ﬁ(”r)d(‘r)d‘r = f e P lim, . d(t—o)do
o o

_lim . d@)
TTF
=0.

It can be shown that ||8(t)|—0 as t—c0. Hence, the reduced
order estimator in Equations (17) and (18) identifies the struc-
ture of observed feature points and unknown camera motion
asymptotically. Since y,(t), u, (1), and u,(t) can be estimated,
the motion parameters b, (t) and b,(t) can be recovered based
on the definition of u(t).

As described above, a reduced order observer is developed
for the estimation of the structure (i.e. range to the target and
Euclidean coordinates of the feature points) of a stationary
target with respect to a moving camera, along with two
unknown time-varying linear velocities and the angular
velocity. The angular velocity is estimated using homography
relationships between two camera views. The observer
requires the image coordinates of the points, a single linear
camera velocity, and the corresponding linear camera accel-
eration in any one of the three camera coordinate axes. Under
aphysically motivated PE condition, asymptotic convergence
of the observer is guaranteed. Having at least some partial
motion knowledge and a similar observability condition to
the given PE condition are likely necessary in future solutions
to the SaM problem. However, future efforts could potentially
eliminate the need for any model of the vehicle trajectory
(even if uncertain as in this result) and eliminate the need for
an acceleration measurement.

FIGS. 1A-1C illustrate an example method for estimating
the structure and motion of a stationary object consistent with
the above discussion. Beginning with block 100, the rotation
error vector &, and the state vector [y, u,, u,] are initialized.
As can be appreciated from the foregoing discussion, the
rotation error vector &, is a representation of the rotation
between a previous (initial) image or frame and a current
image or frame, y, is an auxiliary signal for the inverse depth
of the feature point (¥,), u,, is an estimate of the camera linear
velocity in the x direction multiplied by the inverse of the
depth, and u, is an estimate ofthe camera linear velocity in the
y direction multiplied by the inverse of the depth. Substan-
tially any initial values (e.g., random numbers) can be used to
initialize those vectors, although the closer the selected val-
ues are to the actual values that are being estimated, the faster
convergence will be attained. In some embodiments, the val-
ues that are selected depend upon the underlying conditions
in which the estimation is being performed.

Once the rotation error vector and the state vector have
been initialized, an initial image of an object can be captured
using a moving camera, as indicated in block 102. FIG. 2
schematically illustrates such image capture with a camera.
By way of example, the object is a stationary terrestrial object
and the camera is mounted to a moving object, such as an
unmanned aerial vehicle (UAV). Once the initial image is
captured, feature points of the object within the image are
extracted, as indicated in block 104. By way of example, four
coplanar feature points are extracted or eight non-coplanar
feature points are extracted. In some embodiments, coplanar
points can be identified using image segmentation tech-
niques. With reference to block 106, the x and y pixel coor-
dinates of each image feature point are recorded and, with
reference to block 108, the linear velocity and linear accel-
eration of the camera motion at the time of image capture,
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which are measured by sensors (e.g., accelerometers) associ-
ated with the camera, are recorded. In some embodiments, the
linear velocity and acceleration along the z direction are
recorded. In alternative embodiments, however, the linear
velocity and acceleration along the x or y direction can be
recorded. At this point, the Euclidean coordinates m; of the
feature points are computed and m, is designated as m;*, as
indicated in block 110. As can be appreciated from the fore-
going discussion, m; is a transformed image point in the
camera frame that is defined by Equation (4). That equation
indicates that m, can be determined from a pixel location p,
and a camera calibration matrix A.

Referring next to block 112, the next image of the object is
captured using the moving camera and, as before, feature
points within the image are extracted (block 114), thex and y
pixel coordinates of each image feature point is recorded
(block 116 of FIG. 1B), and the linear velocity and linear
acceleration of the camera motion at the time of image cap-
ture is recorded (block 118). At this point, the Euclidean
coordinates m, of the feature points are computed using the
image pixel coordinates and Equation (4), as indicated in
block 120.

Turning to block 122, the homography matrix H is esti-
mated using Equation (3) and it is decomposed to estimate the
rotation matrix R(t) between the initial camera coordinate
frame and the current camera coordinate frame. As can be
appreciated from the foregoing discussion, the homography
matrix H is a geometry transformation between the current
image or frame and the previous image or frame that encodes
the rotation and scaled translation information, and R(t) is a
representation of the rotation between the current image or
frame and the previous image or frame as a function of time.
In Equation (3), H can be determined when m;* and the depth
ratio o, (the ratio of the depth to a point in the current image
or frame and the depth to the same point in the previous image
or frame) are known Next, the rotation matrix R(t) is decom-
posed into the angle-axis relationship defined by Equation
(12), as indicated in block 124. This transforms R(t) from a
3x3 matrix representation to an angle-axis representation. At
this point, e, is known (from Equation (12)) and the ¢, vector
can be computed using Equation (14) by selecting gain matri-
ces K, and p,, as indicated in block 126. The e, vector,
which is an estimate of the derivative of e, is determined to
filter out noise created by the camera. The angular velocity m
of the camera can then be computed using Equation (16), as
indicated in block 128. In that equation, L, is an invertible
Jacobian matrix.

With reference to block 130, an actual estimate for the state
vector [, 0, U,] is computed using Equation (17) and, with
reference to block 132 of FIG. 1C, [y3, u,, u,] are computed
by integration of Equation (18). As can be appreciated from
the foregoing discussion, Equations (17) and (18) are
coupled. The initialized [y;, u,;, u,] can be used in Equation
(16) along with the second term (which is obtained from the
image sensor) in that equation to compute [¥5, 0,, 0,] for the
initial frame. Then those values can be input into Equation
(18)to obtain the derivative of [y;, u;, u, ] for the initial frame.
Next, [y, U;, u,] can then be input back into Equation (17) to
obtain [¥3, {1y, G1,] for the current frame. As indicated in block
134, ¥, can then be inverted to obtain the z coordinate of each
feature point in the current camera coordinate frame. The
relations b,=0,/9, and b,=,/§/ can then be used to compute
the remaining two unknown camera velocities (e.g., the linear
velocities in the x and y directions), as indicated in block 136.
At this point, the x and y coordinates of each feature point in
the current camera coordinate frame can be computed using
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X=y,/9;Y=y,/¥5, as indicated in block 138. With that infor-
mation, the relative positions, and motion, of the feature
points at the time the current image or frame was captured are
known. As indicated in decision block 140, if the estimation is
to continue and a further image is to be captured, flow returns
to block 112 of FIG. 1A.

The above-described methods are useful in estimating the
structure and motion of stationary objects, but cannot be used
for moving objects. Described below are methods for esti-
mating the 3D structure (with proper scale) of objects,
whether they are stationary or moving, viewed by a moving
camera. In contrast to traditionally developed batch solutions
for this problem, a nonlinear unknown input observer strategy
is used where the object’s velocity is considered as an
unknown input to the perspective dynamical system. The
estimator is exponentially stable and hence provides robust-
ness against modeling uncertainties and measurement noise
from the camera. In some embodiments, the methods imple-
ment a first-causal, observer-based structure estimation algo-
rithm for a moving camera viewing a moving object with
unknown time-varying object velocities.

As noted above, recovering the structure of a stationary
object viewed by a moving camera is called structure from
motion (SfM). The fundamental concept behind SfM algo-
rithms is triangulation. Since the object being observed is
stationary, two rays projected onto consecutive images and
the camera baseline form a triangle. If the object is not sta-
tionary, however, then the projections of the object will be
from different locations in the fixed inertial frame. Therefore,
triangulation is not feasible and standard SfM techniques
cannot be used to recover the structure of a moving object
using a moving camera. The following discussion presents a
result for the case when the viewed object is in motion. This
problem can be described as a structure and motion from
motion (SaM{fM) estimation.

Batch algorithms use an algebraic relationship between 3D
coordinates of points in the camera coordinate frame and
corresponding two-dimensional (2D) projections on the
image frame collected over multiple images to estimate the
structure. Therefore, batch algorithms are not useful in real-
time control algorithms. For visual servo control or video-
based surveillance tasks, online structure estimation algo-
rithms are beneficial. The objective of an unknown input
observer (UIO) for SaMfM is to estimate the structure of
moving objects from a stream of images described using a
continuous dynamical model, instead of algebraic relation-
ships and geometric constraints. As described below, a UIO
provides an online algorithm that relaxes the constant object
linear velocity assumption and does not require the time-
varying object velocities to be approximated by a basis.

Several UIO algorithms are present in literature for esti-
mating the state when an exogenous time-varying unknown
input is present in the system. The contribution here is to
provide a causal algorithm for estimating the structure of a
moving object using a moving camera with relaxed assump-
tions on the object’s motion. In the relative rigid body motion
dynamics, the moving object’s linear velocity can be viewed
as an exogenous time-varying disturbance and is considered
as an unknown input. Given the unique UIO method, no
assumptions are made on the minimum number of tracked
feature points or minimum number of views required to esti-
mate the structure. In fact, the developed approach only
requires single tracked feature point and camera velocity
information.

A UIO algorithm for SaMfM will now be presented. Spe-
cifically, objectives are defined, a pinhole camera model is
introduced and a differential equation formulation of the
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problem is provided. A UIO is then designed to estimate the
unknown structure given measurements from camera images
and camera velocities. A procedure for selecting observer
gains is developed using a linear matrix inequality (LMI)
formulation. Finally, numerical simulations demonstrate the
effectiveness of the algorithm.

The objective of SaM{M is to recover the structure (i.e.,
Euclidean coordinates with a scaling factor) and motion (i.e.,
velocities) of moving objects observed by a moving camera,
when all camera velocities are assumed to be known. An
observer is presented below that estimates the structure of a
moving object with respect to an intrinsically calibrated mov-
ing camera. At least one feature point on the object is assumed
to be tracked in each image frame, and camera velocities are
recorded using sensors such as an Inertial Measurement Unit
amu).

Consider the scenario depicted in FIG. 2 where a moving
camera views moving point objects (such as feature points on
a rigid object). In FIG. 2, an inertial reference frame is
denoted by F*. The reference frame F* can be attached to the
camera at the location corresponding to an initial point in time
t where the object is in the camera field of view (FOV), i.e., F*
is identical to F (t,). After the initial time, a reference frame
F_ attached to a pinhole camera undergoes some rotation
R(1)eSO(3) and translation X (t)e R * away from F*.

The Euclidean coordinates m(t)e R * of a point observed by
a camera expressed in the camera frame F_ and the respective
normalized Buclidean coordinates m(t)e R * are defined as

a2 X0, Y@, 207, @n
AT XD Y@ T (28)
mo2| 2= —= 1]
0 Z(

Consider aclosed and bounded setY = R *. To facilitate the
subsequent development, the state vector x(t)=[x, (1), X, (), X,
()]%€Y is constructed from Equation (28) as

r @9)
|-

Using projective geometry, the normalized Fuclidean coor-
dinates m(t) can be related to the pixel coordinates in the
image space as

g=Am (30)

where q(t)=[u(t) v(t) 1]7is a vector of the image-space feature
point coordinates u(t), v(t)eR defined on the closed and
bounded set I« R?, and A_eR>** is a constant, known,
invertible intrinsic camera calibration matrix. Since A_ is
known, the expression in Equation (30) can be used to recover
m(t), which can be used to partially reconstruct the state x(t)
so that the first two components of x(t) can be determined.
The states defined in Equation (29) contain unknown struc-
ture information about the object. The object structure can be
determined by estimating the Fuclidean coordinates of mul-
tiple feature points on the object; however, without loss of
generality the following UIO development is applied to a
single feature point, with Euclidean coordinates that can be
recovered from the state x(t) in Equation (29).

Assumption 5:

The relative Euclidean distance Z(t) between the camera
and the feature points observed on the object is upper and
lower bounded by some known positive constants (i.e., the



US 9,179,047 B2

15
object remains some finite distance away from the camera).
Therefore, the definition in Equation (29) can be used to
assume that

X3=x5(0)=x3

€29)
where X, x;€ R denote known positive bounding constants.
Likewise, since the image coordinates are constrained (i.e.,
the object is assumed to remain within the camera field of
view (FOV)), the relationships in Equations (28)-(30) along
with the fact that A_ is invertible can be used to conclude that

Xzl (1) 122,052 105(1) l2x,

where X, X,, X;, X,€ R denote known positive bounding con-
stants.

Consider a moving camera viewing a moving point q. As
shown in FIG. 2, the point q can be expressed in the coordi-
nate system F_ as

m=xs+Rx,, (32)

where x,,, is a vector from the origin of coordinate system F*
to the point q expressed in the coordinate system F*. Differ-
entiating Equation (32), the relative motion of q as observed
in the camera coordinate system can be expressed by the
following kinematics

m=fo] mv, (33)

where m(t) is defined in Equation (27), [w] e R *** denotes a
skew symmetric matrix formed from the angular velocity
vector of the camera w(t)=[o, w, ®,]7€W, and v, (t) repre-
sents the relative velocity of the camera with respect to the
moving point, defined as

vy 2 ve — Rv,. 34

In Equation (34), v (D)=[V,., v, V.. ] Tev_c R ? denotes the
camera velocity expressed in camera reference frame F , and

Ry 2 v, (0= [Vex Vi V] €V, cR?

denotes the velocity of the moving point q expressed in cam-
era reference frame F_, and

Ao = _
Vo =[Vex Vpy Vi ]T eV, c R?

denotes the velocity of the moving point in the inertial refer-
ence frame F*. The sets W,V _, and V , are closed and bounded
sets such that W= R>, V_ = R* andV, = R, Let the linear
and angular camera velocities be denoted by u=[v_ m]”.

The states defined in Equation (29) contain unknown struc-
ture information of the object. To recover the 3D structure, the
state x(t) should be estimated. Using Equations (29) and (33),
the dynamics of the state vector x(t) are expressed as

Ey=QH(V XV X3V, X3+ [V, X3,
K= QoH(V =XV X3 =V X3+X5V X3,
s 2 2
X3 TV X3 = (X0 =X 05)X3+V,, %57,

=" (35)
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where Q,(u,y), Q, (u,y)eR are defined as

A 2
Q1 (1, y) = —X1 X0 + Wy + X[y — X3,

A 2
Dy (u, y) = —w; — X350 + X1 X207 + X W3,

Assumption 6:

The camera velocities w(t), and v (1), the object velocity
v,(1), and the feature points y(t) are assumed to be upper
bounded by constants.

Remark 5:

The dynamics in Equation (35) are not observable if: a) the
camera is stationary, i.e., v .(t)=0,w(t)=0, or b) the camera
moves along the ray projected by the feature point on the
image, i.e., (V =V, =X, (V ., =V, )=V =V, =X (V ., =V,,.))=0.

In the discussion that follows, a UIO is developed for a
class of nonlinear systems. Additionally, conditions on the
moving object’s velocity are stated so that the model in Equa-
tion (35) satisfies the requirements of the UIO. The system in
Equation (35) can be represented in the form

X=f(x,u)+g(yu)+Dd

y=Cx (36)

where x(t)e R 2 is a state of the system, u(t)e R © is a measur-
able control input, d(t)eR is an unmeasurable disturbance
input, y(t)e R ? is output of the system, the functions f: R *x
R°—>R?and g:R*xR °—>R? are given by

(Vex = X1Ve)X3
fx, u)= (Vey = X2Ver)X3
—X§ch — X2X30) + X[ X302
—x X0 + (1 +xD)w; - xpws
g w) = | (1 + X3)wy + X1 %02 + X, w3 |»
0
100
C=
010

is full row rank and De R *** is full column rank. The function
F(x,u) satisfies following Lipschitz conditions

15 x.20)-F (& o)== (37

(15 . 2)- 5 (& 20)-A=2)ll= (v +7,) =] (39)

where v, v,eR*, AeR*>** and %(t)eR ? is an estimate of the
unknown state x(t). Larger y, would mean that the UIO is
stable even in the presence of fast moving nonlinear dynamics
in f(x,u), i.e., for larger camera velocities.

The UIO objective is to design an exponentially converg-
ing state observer to estimate x(t) in the presence of an
unknown input d(t). To quantify this objective an estimation
error is defined as

o) 2 (1) — x(0). (39

Based on Equation (39) and the subsequent stability analysis,
the UIO for the system in Equation (36) is designed as

Z=Nz+Ly+MT (%,u)+Mg(v,u)

X=z-Ey (40)
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where F(x,0)=f(x,u)-Ax, z(t)eR * is an auxiliary signal, the
matrices NeR ***, Le R **?, EeR ***, Me R *** are designed
as

M=I+EC
N=MA-KC

L=K(I,+CE)-MAE (41)

where E is subsequently designed and KeR>*? is a gain
matrix which satisfies the inequality

O=NIP+PN+(y,+y, PPMMIP+2I;21,<05 4 42)

where Pe R > is a positive definite, symmetric matrix. Using
Equation (41), the equality

NM+LC-MA=0,,; @3)

is satisfied, where 05, ; denotes a zero matrix of the dimen-
sions 3x3. E is selected as

E=F+YG (44)

where YeR **? can be chosen arbitrarily, and F and G are
given by

F=-D(CD),G=(I,-(CD)(cD)1.

From the definitions of E, F, and G, ECD=-D and the follow-
ing equality is satisfied:

MD=(I;+EC)D=05_ ). @5)

Since rank(CD)=1, the generalized pseudo inverse of the
matrix CD exists and is given by

(€D =((CD)Y(CD)H(CD)".
Substituting Equation (40) into Equation (39), taking the time
derivative of the result, and using Equations (36) and (40)
yields

E=Nz+Ly+MF (£,1)- (I;+EC)dx— (I, +EC)

Fx,u)-(I+EC)DA. (46)

Using Equations (39) and (41), and the conditions in Equa-
tions (43) and (45) the error system in Equation (46) can be
written as

é=Ne+M{F(£,u)-F (x,u)) @7

Theorem 2:

The nonlinear unknown input observer in Equation (40) is
exponentially stable if the assumptions 1 and 2, and condition
in Equation (42) is satisfied.

Proof:

Consider a positive definite (PD), radially unbounded
Lyapunov candidate function V(e): R”—R defined as

V=elPe. 48)
which satisfies
Ponin PPN (Pl (49)

where A,,,.(N) and A, (*) are the minimum and maximum
eigenvalues of the matrix P. Taking the time derivative of
Equation (48) along the trajectories of Equation (47) yields

P=eX(N"P+PN)e+2e " PM(F(&,u)-F (%, u))

Veel(NTP+PN)e+2|le"PMI||f (%, 1) f (x, ) - A (F-x)|

Ve (NP+PN)e+2|le "PMy |le|+2( e "PMiyse]
Using the norm inequality

2y le"PMllelsy7lle”PMIP+elP, Vi={1,2},
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the upper bound on V is given by
Ve (NTP+PN)e+(y°+1, ) e 'PMM  Pe+2e%e
Ve (NTP+PN+(y > +1,2 ) PMMTP+21L)e
V=elQe. (50)
If the condition in Equation (42) is satisfied, then V<0.

Using Equations (48)-(50) the upper bounds for V(e) and V(e)
can be developed as

V(e)=(e(0))exp(-E)

where
Ama(Q)
= RP)
and
le(@)=<Elle(0)lexp(~E2)
where
 ApP)
¢= Anin(P)”
Remark 6:

Model uncertainties can be represented by an additive dis-
turbance term d, (t)e R * in Equation (36). Also, if the number
of'outputs, p, is less than the number of unknown disturbance
inputs, g, then q,<p number of unknown inputs can be repre-
sented by d(t) and remaining q-q, can be represented by an
additive disturbance D,d,()eR?7". In each of the above
mentioned cases, the estimation error will be uniformly ulti-
mately bounded.

Conditions will next be developed for which an exact esti-
mation of the 3D position of the feature point can be found.
Conditions for choosing matrix A in Equation (41) are stated
and conditions on the object’s trajectories are developed so
thatan exact estimation can be obtained. The UIO can be used
even ifthe conditions on the object’s velocity are not satisfied.
In this special case, the state x(t) can only be estimated up to
a bounded estimation error, which can be reduced using an
optimization procedure.

Next, conditions for selecting A are provided based on the
observer existence conditions. Sufficient conditions for the
existence of the UIO in Equation (40) can be summarized as:
(MA, C) is observable, rank(CD)=rank(D)=q, MA-KC is
Hurwitz, and Equation (42) holds. Since rank(CD)=rank
(D)=1, subsequent development indicates that observability
of'the pair (MA,C) is equivalent to the following rank condi-
tion

Al-A D (S
ran_k[ ?

}:4,VAEC.
C Oy

Thus, A in Equation (41) should be selected so that Equa-
tion (51)is satisfied and (MA,C) is observable. The condition
in Equation (51) facilitates the selection of A based on the
system matrices and hence circumvents the computation of M
for checking the observability of (MA,C). Another criteria on
the selection of A is to minimize the Lipschitz constant in
Equation (37).

Some assumptions on the motion of the camera and the
viewed object are required to satisfy the constraints on dis-
turbance inputs in Equation (36). In this section, two specific
scenarios are discussed.
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EXAMPLE 1

The camera is undergoing arbitrary purely translational
motion, i.e., the angular velocities of the camera are zero and
the object is moving along a straight line with time-varying
unknown velocities. For this case, choices of R(t) and v ,(t) in
Equation (34) become R=;, and v,(t)=[d,(t) 0 0]*, or Vf
(0-10 d, (1) 017, or v,,©-[0 0 d, (1", or v, ())=[d, () d, () O],
etc., where d,()eR is the unknown time-varying object
velocity. Physically, these object velocities would mean the
object is moving along straight lines or moving along a circle.

EXAMPLE 2

A downward looking camera is undergoing arbitrary trans-
lational motion along with the angular velocity along the
Z-direction (an axis pointing downwards). The object is mov-
ing on a ground plane (i.e., X-Y plane) with arbitrary time-
varying velocities. In this case, the rotation matrix R(t) is
given by

_ . R Ole}
R =| —sin(8(1)) cos(8(r)) 0O

0 01 2 1

cos(B(r)) sin(O(r)) 0O _
H;

where 0(t)e[-2m, 27t) is the rotation angle between the current
camera coordinate frame and inertial coordinate frame, and
R,(H)eR *** represents the upper left 2x2 block of the R(t).
The object velocity in the inertial frame is represented as
v, (O)=[d, (1) dy(t) 017, where d, (1), d,(t)e R . The camera angu-
lar velocity is such that

Rv,=v,

where v,,; ()=[d;(t) 0 0]” or v,,()=[0 d (1) 0], and ds(1),
d,(MeR are unknown time-varying quantities. The equality
in Bquation (52) can be achieved if R [d,(t) dy(1)]"=v,;,
where v,,;()=[d(t) 0]” or v,;()=[0 d,()]”. For example,
consider an object undergoing a circular motion with
unknown and possibly time-varying radius in the X-Y plane
with unknown time-varying velocities observed by a camera
undergoing an arbitrary linear motion in the X-Y-Z plane and
circular motion along the downward looking Z-direction.

Next, the condition in Equation (42) is reformulated as an
LMI feasibility problem. The matrices P, K and Y should be
selected such that the sufficient condition for the observer
error stability in Equation (42) is satisfied. Substituting N and
M from Equation (41) into Equation (42) yields

(2

(MA-KC)TP+P(MA-KC)+2I+(y 2+, ) PI+EC) I+

EC)TP<0;,;. (53)

Afterusing Equation (44), the inequality in Equation (53) can
be expressed as

ANLAFO) PP+ FC) A+ATCTGTP 4+ Py GCA-CE
Ppl-PC+2I5+(y 2472 )(P+PFC+PyGC)(P+

PFC+PyGC)T<0, 4 (54)

where P,=PY and P.=PK. For the observer synthesis, the
matrices Y, K and P>0 should be computed such that the
matrix inequality in Equation (42) is satisfied. Since P>0,
exists, and Y and K can be computed using Y=P~'P,, and
K=P~'P,. Using Schur’s complement, the inequality in
Equation (54) can be transformed into the matrix inequality
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(63

where

P =AT I+ FCO) P+P(I+ FC)A+ATCTGTP +PyGCA -
CTPI-PC+2I,, R=P+PFC+P,GC,

[5:‘/?12*"{22-

The matrix inequality in Equation (55) is an LMI in vari-
ables P, Py, and P.. The LMI feasibility problem can be
solved using standard L.MI algorithms and is a problem of
finding P, Py, and P, such that {3 is maximized. Maximizing f3
is equivalent to maximizing y, which means the observer can
be designed for nonlinear functions with a larger Lipschitz
constant. If the LMI in Equation (55) is feasible, then a
solution to Equation (42) exists. Hence, the LMI feasibility
problem is a sufficient condition for the stability of the
observer.

Remark 7:

In Equation (40), the gain K is multiplied by the measure-
ment y(t). To reduce the effects of noise, the elements of gain
K should not be large. Since K=P~'P,,, the minimum eigen-
value of P should be maximized and the maximum eigenvalue
of P, should be minimized. This can be achieved via a multi-
objective optimization problem with the objective function as
maximize dA,,,,(P)-(1-8)A,,, (Px) subject to the LMI in
Equation (55), where Ae[0,1]. In the presence of model uncer-
tainties or disturbance inputs as stated in Remark 2, another
optimization objective can be to choose gain K such that the
LL, gain from the disturbance input to the estimation error is
minimized.

Two simulations are performed for a moving camera
observing an object moving in a plane. For the first simula-
tion, camera velocities are given by v (t)=[2 1 0.5 cos(t/2)]”
/s, and w()=[0 0 1]7 rad/s. The object velocity is selected
such that v,(t)=[0.5 sin(t) 0 0]” m/s. The camera calibration
matrix is given by

720 0 320
Ac=| 0 720 240 |
0 0 1

Measurement noise with 20 dB SNR is added to the image
pixel coordinates and the camera velocities using awgn( )
command in Simulink. Matrices A, C, and D are

].

The matrix Y and the gain matrix K are computed using the
LMI feasibility command ‘feasp’ in Matlab and are given by

0.8278 0 0 0
0 0.8278],}’:\0 -1 ]

-1.5374 0 0 -1.5374

,C=
010

(= =
[ S
[

e

o O

K=

FIG. 3 shows comparison of the actual and estimated X, Y and
Z coordinates of the object in the camera coordinate frame.
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In the second simulation, camera velocities are given by
v (O)=[2 140.02t -0.01]7 m/s, o(t)=[0 0 0.1]7 rad/s. The
object motion is set to a circular motion with unknown radius
and velocities. Measurement noise with 20 dB SNR is added
to the image pixel coordinates and the camera velocities using
awgn( ) command in Simulink. Matrices A, C and D are:

0 -0l 2 0
100
A=l01 0 1| cC= D=1
010
0 0 0 0

The matrix Y and the gain matrix K are computed using the
LMI feasibility command * feasp’ in Matlab and are given by

1.0667 0O -1 0
K= 0 1.0667 |, ¥ = 0 0.
0 0.056 —-0.5598 0

FIG. 4 shows the comparison of actual and estimated X, Y,
and Z coordinates of the object in the Inertial coordinate
frame in the presence of measurement noise. F1IG. 5 shows the
structure estimation error. From the two results in two simu-
lations, it can be seen that the observer is insensitive to the
disturbance input.

Experiments are conducted on PUMA 560 serial manipu-
lator to test the performance of the proposed estimator.
Results of one of the test cases are presented below. A
mvBlueFox-120a USB camera is rigidly attached to the end-
effector of PUMA. A two-link robot mounted on the same
platform as the PUMA is used as a moving object. The PUMA
is controlled using a workstation to generate camera motion,
and the camera linear and angular velocities are computed
using the joint encoders and forward velocity kinematics of
the PUMA. The data from the camera is recorded on the
PUMA workstation computer at 25 frames per second for
further processing and is time synchronized with the camera
images. Two-link robot was controlled using another work-
station which was time-synchronized with the PUMA work-
station for ground truth verification. The video data recorded
from the camera is post-processed to track a feature point on
second link of the two-link robot using KLT feature point
tracker. The image processing code is implemented in Visual
C++ 2008 using OpenCV library. Since the PUMA and two-
link robot was mounted on the same table, a precise location
of the base of both the robots is computed and forward kine-
matics is used to compute the position of the camera and the
feature point on a link of the two-link robot. Hence, a 3D
distance between camera mounted on the PUMA and feature
point on the two-link robot can be computed precisely and is
used as a ground truth for testing the performance of the
proposed estimator.

A downward looking camera attached to PUMA is moved
with randomly chosen linear and angular velocities in X-Y-Z
directions, and the two-link robot is commanded certain
velocities in X-Y plane. The observer in Equations (40)-(41)
is implemented to estimate the relative 3D location of a mov-
ing feature point on the two-link robot in the camera reference
frame. The observer parameters are selected as
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0 -005 0 1 (56)
100
A=|005 0 03| C= ,D=|0|
010
0 0 0 0

The matrix Y and the gain matrix K are computed using the
LMI feasibility command feasp in Matlab to solve LMI in
Equation (55) using the matrices in Equation (56) and are
given by

K=
0.3731 0.056 0 7.4618

1.2204 0O 0 0
0 1.2204],}’:\0 -1 ]

FIGS. 6 and 7 shows the camera linear and angular velocities.
The comparison of the estimated relative 3D position of the
moving point in the camera reference frame and ground truth
3D position is shown in FIG. 8.

Some preliminary studies of the structure (3D location) of
a moving object using a moving camera with known camera
velocities has been presented. More testing and experimental
verification of the proposed algorithm is required to verify the
performance of the algorithm in various real-life situations.

FIGS. 9A and 9B illustrate an example method for estimat-
ing the structure and motion of a stationary or moving object
consistent with the above discussion. In this method, the
angular and linear velocities of the camera are known. Begin-
ning with block 200, the auxiliary vector [Z,, 7,, Z,] is initial-
ized. The auxiliary vector is a transformed version of the state
vector [X,, X,, X;]. As with the previous method, substantially
any initial values (e.g., random numbers) can be used to
initialize the vector, although the closer the selected values
are to the actual values that are being estimated, the faster
convergence will be attained.

Once the auxiliary vector has been initialized, a matrix D is
chosen based on what is believed to be the relative motion
between the object and the camera, as indicated in block 202.
Matrix D is a representation of that relative motion. Next,
with reference to block 204, a matrix A is chosen according to
Equation (51). Matrix A is the state matrix and represents
camera motion, i.e., the linear and angular velocities of the
camera. Notably, the method would work for an arbitrary A
matrix also, although it works more efficiently when A rep-
resents camera motion. Referring next to blocks 206-210,
matrices F and G can be computed using Equation (54),
matrices K and Y can be computed using Equation (55),
matrices M, N, and L can be computed using Equation (51),
and matrix E can be computed using Equation (54), wherein
matrices E, F, G, M, N, and L are observer parameters and
matrices K andY are gain matrices.

Turning to block 212, an image of the object can be cap-
tured using a moving camera. Again, FIG. 2 schematically
illustrates such image capture with a camera. By way of
example, the object is a moving object and the camera is
mounted to a further moving object, such as a UAV. Once the
image is captured, feature points within the image are
extracted, as indicated in block 214. By way of example, four
coplanar feature points are extracted or eight non-coplanar
feature points are extracted. In some embodiments, coplanar
points can be identified using image segmentation tech-
niques. With reference to block 216, the x and y pixel coor-
dinates of each image feature point are recorded and, with
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reference to block 218, the linear velocity and linear accel-
eration of the camera motion at the time of image capture are
recorded.

At this point, the Buclidean coordinates m; of the feature
points are computed, as indicated in block 220. By way of
example, those coordinates are determined using Equation
(30). Referring next to block 222, an estimate for the state
vector [X,, X, X;] is computed using the second relation of
Equation (40), which relates the state vector to the pixel
coordinates y, the auxiliary vector z, and the matrix E. As can
be appreciated from the foregoing discussion, X, is the
inverse depth of the feature point (i.e., 1/7), X, is a ratio of the
x and z coordinates (i.e., X/Z), and X, is a ratio of the y and
7 coordinates (i.e., Y/Z. Next, X, is inverted to obtain the z
coordinate of each feature point in the current camera coor-
dinate frame, as indicated in block 224, and the relations
X=x,/X; and Y=x,/X,, are used to compute the x and y coor-
dinates of each feature point in the current camera coordinate
frame, as indicated in block 226.

At this point, auxiliary vector [2,,7,,7,] is integrated using
matrices N, L, M, and E, as indicated in block 228, to obtain
anew auxiliary vector that can be used in the next iteration of
the process (beginning with block 212). As indicated in deci-
sion block 230, if the estimation is to continue and a further
image is to be captured, flow returns to block 212 of FIG. 9A.

FIG. 10 illustrates an example architecture for a computing
device 300 that can be used to perform at least part of the
processes described above. As indicated in FIG. 10, the com-
puting device 300 at least comprises a processing device 302
and memory 304. The processing device 302 can include a
central processing unit (CPU) or other processing device
(e.g., microprocessor or digital signal processor) and the
memory 304 includes any one of or a combination of volatile
memory elements (e.g., RAM) and nonvolatile memory ele-
ments (e.g., flash, hard disk, ROM).

The memory 304 is a non-transitory computer-readable
medium that stores various programs (i.e., logic), including
an operating system 306 and an structure and motion estima-
tor 308. The operating system 306 controls the execution of
other programs and provides scheduling, input-output con-
trol, file and data management, memory management, and
communication control and related services. The structure
and motion estimator 308 comprises one or more algorithms
that are configured to receive image data and analyze that
image data to estimate the structure and motion of objects
captured in the image data.

Although particular embodiments of systems and methods
have been described in this disclosure, it is to be understood
that various other embodiments are possible. All such
embodiments are intended to fall within the scope of this
disclosure.

We claim:
1. A method of operating a vehicle, the vehicle comprising
a camera, the method comprising:
estimating structure and motion relative to the camera of a
stationary object, the estimating comprising:
capturing first and second images of the object with the
camera,
recording a linear velocity and a linear acceleration of
the camera at instants at which each image was cap-
tured;
extracting matching feature points of the object from the
images;
computing Euclidean coordinates of the feature points
for each image;
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estimating a rotation matrix based upon the Euclidean
coordinates, the rotation matrix comprising a repre-
sentation of rotation between the two images;

computing an estimate of a state vector, the state vector
being based upon the depths of the feature points
relative to the camera and linear velocities of the
camera; and

computing unknown camera velocities and coordinates
of each feature point based upon the state vector.
2. The method of claim 1, wherein recording a linear veloc-
ity and a linear acceleration comprises recording only a single
linear velocity and a single linear acceleration in a single
direction.
3. The method of claim 1, wherein computing Euclidean
coordinates comprises computing the coordinates using pixel
coordinates of the feature points and a camera calibration
matrix.
4. The method of claim 1, wherein estimating a rotation
matrix comprises first estimating a homography matrix that is
a geometry transformation between the first and second
images that encodes rotation and scaled translation informa-
tion.
5. The method of claim 4, wherein estimating a rotation
matrix further comprises decomposing the homography
matrix to obtain the rotation matrix.
6. The method of claim 1, wherein computing an estimate
of'a state vector comprises first selecting an initial state vector
and updating it based upon the depths.
7. The method of claim 1, further comprising selecting an
initial rotation error vector.
8. The method of claim 7, further comprising computing
the angular velocity of the camera based upon the rotation
matrix.
9. The method of claim 8, wherein computing the angular
velocity of the camera further comprises computing an esti-
mate of a rotation error vector and an estimate of the deriva-
tive of the rotation error vector.
10. A non-transitory computer-readable medium that
stores a controller for controlling operation of a vehicle, the
vehicle comprising a camera, the medium comprising:
a structure and motion estimator to estimate the structure
and motion of a stationary object relative to the camera,
the structure and motion estimator comprising:
logic configured to capture first and second images of
the stationary object with the camera of the vehicle;

logic configured to record a linear velocity and a linear
acceleration of the camera at instants at which each
image was captured;

logic configured to extract matching feature points of the
object from the images;

logic configured to compute Euclidean coordinates of
the feature points for each image; logic configured to
estimate a rotation matrix based upon the Euclidean
coordinates, the rotation matrix comprising a repre-
sentation of rotation between the two images;

logic configured to compute an estimate of' a state vector,
the state vector being based upon the depths of the
feature points relative to the camera and linear veloci-
ties of the camera; and

logic configured to compute unknown camera velocities
and coordinates of each feature point based upon the
state vector.

11. The computer-readable medium of claim 10, wherein
the logic configured to compute Euclidean coordinates com-
prises logic configured to compute the coordinates using
pixel coordinates of the feature points and a camera calibra-
tion matrix.
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12. The computer-readable medium of claim 10, wherein
the logic configured to estimate a rotation matrix comprises
logic configured to estimate a homography matrix that is a
geometry transformation between the first and second images
that encodes rotation and scaled translation information.

13. The computer-readable medium of claim 12, wherein
the logic configured to estimate a rotation matrix further
comprises logic configured to decompose the homography
matrix to obtain the rotation matrix.

14. The computer-readable medium of claim 10, wherein
the logic configured to compute an estimate of a state vector
comprises logic configured to select an initial state vector and
update it based upon the depths.

15. The computer-readable medium of claim 10, further
comprising logic configured to select an initial rotation error
vector.

16. The computer-readable medium of claim 15, further
comprising logic configured to compute the angular velocity
of the camera based upon the rotation matrix.

17. The computer-readable medium of claim 16, wherein
the logic configured to compute the angular velocity of the
camera further comprises logic configured to compute an
estimate of a rotation error vector and an estimate of the
derivative of the rotation error vector.

18. A method of operating a vehicle, the vehicle compris-
ing a camera, the method comprising:

estimating the structure and motion relative to the camera

of a stationary object, the estimating comprising:
capturing an image of the object with the camera;
recording linear and angular velocities of the camera at
an instant at which the image was captured;
extracting feature points of the object from the image;
computing Fuclidean coordinates of the feature points;
computing a state vector [X,, X,, X5], wherein x; is the
inverse depths of the feature points, X, is the ratios of
x and z coordinates of the feature points, and X, is the
ratios of y and z coordinates of the feature points;
determining z coordinates of each feature point in the
image based upon the state vector; and
computing x and y coordinates of each feature point in
the image based upon the state vector.

19. The method of claim 18, wherein computing Euclidean
coordinates comprises computing the coordinates using pixel
coordinates of the feature points and a camera calibration
matrix.

20. The method of claim 18, wherein computing a state
vector [X,, X,, X3 ] comprises computing the state vector using
pixel coordinates of the feature points, an auxiliary vector,
and an observer parameter.

21. The method of claim 18, wherein determining z coor-
dinates comprises inverting X5.

22. The method of claim 18, wherein computing x and y
coordinates comprises computing the coordinates using the
following relations:

X=x/%;3,and

Y=x,/%3

wherein X is the x coordinate and Y is the y coordinate.

23. The method of claim 18, further comprising selecting
an initial auxiliary vector prior to computing the state vector
[R,, %, %3]

24. The method of claim 18, further comprising, prior to
computing the state vector, choosing a matrix D, which is a
representation of the rotation of the object relative to the
camera.
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25. The method of claim 24, further comprising choosing a
matrix A, which is a representation of the linear and angular
velocities of the camera.
26. The method of claim 25, further comprising computing
observer parameter and gain matrices.
27. A non-transitory computer-readable medium that
stores a controller for controlling operation of a vehicle, the
vehicle comprising a camera, the medium comprising:
a structure and motion estimator to estimate the structure
and motion of a stationary object relative to the camera,
the structure and motion estimator comprising:
logic configured to capture an image of the stationary
object with the camera of the vehicle;

logic configured to record linear and angular velocities
of the camera at an instant at which the image was
captured;

logic configured to extract feature points of the object
from the image;

logic configured to compute Euclidean coordinates of
the feature points;

logic configured to compute a state vector [X,, X5, X;],
wherein x, is the inverse depths of the feature points,
X, is the ratios of x and z coordinates of the feature
points, and X, is the ratios of'y and z coordinates of the
feature points;

logic configured to determine z coordinates of each fea-
ture point in the image based upon the state vector;
and

logic configured to compute x and y coordinates of each
feature point in the image based upon the state vector.

28. The computer-readable medium of claim 27, wherein
the logic configured to compute Euclidean coordinates com-
prises logic configured to compute the coordinates using
pixel coordinates of the feature points and a camera calibra-
tion matrix.

29. The computer-readable medium of claim 27, wherein
the logic configured to compute a state vector [X;, X, X5]
comprises logic configured to compute the state vector using

pixel coordinates of the feature points, an auxiliary vector,
and an observer parameter.

30. The computer-readable medium of claim 27, wherein
the logic configured to determine z coordinates comprise
logic configured to invert X5.

31. The computer-readable medium of claim 27, wherein
logic configured to computing x and y coordinates comprises
logic configured to computing the coordinates using the fol-
lowing relations:

X=x/%;, and

Y=x,/%;

wherein X is the X coordinate and Y is the y coordinate.

32. The computer-readable medium of claim 27, further
comprising logic configured to select an initial auxiliary vec-
tor prior to computing the state vector [X;, X, X;].

33. The computer-readable medium of claim 27, further
comprising logic configured to, prior to computing the state
vector, choose a matrix D, which is a representation of the
rotation of the object relative to the camera.

34. The computer-readable medium of claim 33, further
comprising logic configured to choose a matrix A, which is a
representation of the linear and angular velocities of the cam-
era.

35. The computer-readable medium of claim 34, further
comprising logic configured to compute observer parameter
and gain matrices.



